Arkansas Council of Teachers of Mathematics Name

2023 Regional Calculus Competition

Work the multiple-choice questions first, choosing the single best response from the choices available.
Indicate your answer here and on your answer sheet. Then, attempt the tiebreaker questions at the end
starting with Tie Breaker #1, then #2, and finally #3. Turn in your answer sheet and the tiebreaker

pages when

you are finished. You may keep the pages with the multiple-choice questions.

Figures aren’t necessarily drawn to scale. Angles are given in radians unless otherwise stated. Assume

all values ar

1. lim

X—>—00

2. Letf
Whic

A.

Mo 0w

Mo oN oW o

e real.

V16x2%+7

5x—4

4

be a function that is continuous on the closed interval [1, 4] with f(1) = 15and f(4) = 5.
h of the following statements must be true?

f'(x) is negative on (1, 4).
5< f(3) < 15
fle)=— 13—0 has at least one solution in the interval (1, 4).

f(x) = 8 has at least one solution in the interval [1, 4].
All of the above

3. Let f(x) and g(x) be continuous except for x # 5. Which of the following indicates that the
graph of

Mo O w P

f(x) ; 9
) has a vertical asymptote?
lim Z% does not exist
x-5 9(x)

g(5) =( ())

flx
e
Both A and B
A, B,and C

4. What is the average rate of change of f(x) = 2x3 + x on the interval [-2,2] ?

A

B
C.
D.
E

9

25

7

16

None of the above
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5. Let f(x) be continuous for all real numbers. Estimate the value of f'(2.3) given the following
table of values:

Mo 0w e

x 14 | 18 | 22 [ 24 | 7
, f(x) | -5 1 4 7 | 13
2
15
E
2
L
15

Not enough information given

6. If the position of an object at time tis s(t) = t3 — %tz — 6t + 1, find the time where the velocity
is a minimum.

A.

7. lim

T
X——
8

m o 0w

(
A
B.
C
D
E

t=1

t=2

t=-1&2

=

Not enough information; a closed interval is needed

tan(Zx) 1

) -

Does not exist

8. The graph of g(x) is shown below. Which of the following limits does not exist?

A
B
C.
D
E

. AC&D 3

v
lim g(x)
x— =2

Am_g(x) 3
lim g(x) /

x— 3
lim g(x) 1
xX—6 X
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9. Find the x-value(s) where the function f(x) = x3 — 9x + 7 has tangent lines that are
paralleltoy = 3x — 7.

A V3

+V3

2

+2

None: f(x) contains no tangent lines parallel to y = 3x — 7.

Mmoo W

10. Find the horizontal asymptote(s) on f(x) = .

342
A y=4
B. y=0
C. y=2
D.yzg
E. y=0,2

11. Given f(x) = x3 — 6x, find the value(s) of ¢ guaranteed by the Mean Value Theorem on the
interval [—1, 2].

A c=1
B. c=2
2
C. c=+%1
D. ¢c= =3
2
E. None: MVT does not apply on this interval.

12. The position, in meters, of an object is given by s(t) = t* — 6t% + 2t at t seconds. What is the

average acceleration fromt =1tot =37
m

A. 905—2

m

.485—2

m
405—2
m

B
C
D. 365—2
E

m

185—2

13. The derivative of the function f is continuous on the closed interval [0, 4]. Values of f and f' for
selected values of x are given in the table below. If fff’(t) dt = 8then f(4) =?

A 3

X 0 1 2 3
E- g fx) | 5 2 5 3
' ' | =3 | 1 3 | 4
D. 10 f1®)

E. Not enough information given
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14. Determine the slope of x?y3 + 2y* = 6 at the point (2, 1).

A =

10

B. —1
5

1
10
0
None of the above

m o O

15. Consider the function defined by f(x) = x3 + x — 5. If g(x) = f~1(x) and f(2) = 5, what is the
value of g'(5) ?

al,_‘mh—\ N N

A
B
C.
D
E. Notenough information given

. in*(x+h)—sin*(x)
16. 1 sin*(x+ _
6. Am, n

A. sin*(x)

B. 4 cos(x)sin3(x)

C. 4cos3(x)

D. 0

E. Does not exist

17. Find the following indefinite integral: [(x cos(x?)) dx =
A. —2sin(x®) +C
B. 2sin(x?)+C
C. % sin(x?) + C
1 2 .- 1 3
D. > sm(;x )+ C
E

None of the above

18. A point is moving along the graph of the function y = x? + 6x such that dx/dt = 3 centimeters
per second. Find dy/dt wheny = 7.

A Y_go
dt s

B. ¥ =43
dt S

c. Yoo
dt s

D. X=24
dt s

E =424
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19. Find the area bounded by f(x) = x? + 1 and g(x) = 1 + 6x — x2.
A 9

B. 12
18
21
36

m o O

20. Find the perimeter of the area bounded by f(x) = x? + 1 and g(x) = 1 + 6x — x2.
A. 9.747

14.598
17.813
18.173
19.494

Mo oW

21. Use the table below to approximate f_lg g(x) dx. Use a trapezoidal approximation with 4 equal

subintervals.

X -2 0 2 4 6 8 10 12 14
f(x) 8 13 7 6 9 -3 -7 —-10 | =2

A. 24

B. 36

C. 48

D. 68

E. None of the above

22. The position of a particle moving along a line is given by s(t) = §t3 —4t% + 15t — 2023 for t >
0. For what values of t is the speed of the particle increasing?

A t>4

3I<t<4

t>5
0<t<3andt>5
3<t<4andt>>5

MmO 0w
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23. Which of the following must be true based on the given graph

of f"'(x) graphed to the right?

A. f(x) isincreasing on (—o0, —2) and decreasing on

(—2, OO)

B. f(x) has inflection pointsatx = —6 and x = 2.

C. f(x) hasarelative max at x = —2.
D. f(x) has arelative min at x = —6 and a relative max
x = 2.

E. Both AandC

Name

£

(-6.0)

(2.8)

(2.0)

24. A 30’ ladder is leaning against a wall and the base is on level ground. If the base is being pulled
away from the wall at 3 ft/sec, at what rate is the top of the ladder sliding down the wall when it

is 18 ft from the ground?

A —4 1
sec
B _9Jt
4 sec
c. 24 2%
sec
D. —6 Lt
sec
g 21t
4 sec

25. The graph of y = f'(x) is graphed to the
right.
If f(13) = 20, what is the value of f(1) ?

-8
4
8
12
28

Mmoo W
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Tie Breaker #1
Name:

School:

. ) 1
Conical volume: The volume of a coneis V = 37 r2h.

A conical funnel is being used to put oil into your car. The 10" tall funnel
has a 3" radius. The funnel is almost full of oil and the oil is flowing out at a
rate of 2 cubic inches per second.

How fast is the height of oil in the funnel changing when there is only 5" left in the funnel?
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Tie Breaker #2

Name:

School:

Use the functions f(x) = 3x% and g(x) = 4x — x? (graphed on
the right) to answer the following questions.

a) Let the shaded area bound by the graphs be the base of
a fixed solid. What is the volume of the solid if cross
sections, cut perpendicular to the x-axis, are
semicircles?

b) Find the volume carved out in space if the bounded area is rotated around the line x = 2.
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Tie Breaker #3
Name:

School:

For 0 <t < 24 hours, the water level in a bay is given by the function W that satisfies the
differential equation

dw  2sin (%t)
dc 3w

Define W (t) measures the depth of water by a dock in meters, and t is measured in hours. At time
t = 1 hours, the depth of the water is 4 meters.

a) Write an equation for the line tangentto y = W(t) whent = 1.

b) Find y = W (t), the particular solution to the differential equation, given that W (1) = 4.
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Solutions to 2023 Regional Calculus Competition

# Ans. |Description
lim 27 = gim | 16+ 5/ (=5 —2) ) = 22 = — £ Note: V% = |x]
1 B x——00 5x—4 X—>—00 x | x| -5 5
5x

andm = —5 because x < 0.
) D D: Intermediate Value Theorem

(Choice C looks plausible but without differentiability MVT does not apply.)
3 C A could be a jump disc etc. B: could have a hole C: Must have a vertical asymptote.

Ay E _

4 A Average rate, yviniai 9

Use the average rate of change from x = 2.2 to x = 2.4 to approximate f'(2.3).
5 B A 7-3

AL AT
Ax 24-22

¢ 5 v'(t) = a(t) = 6t — 3 changes from - to + at t = 1/2 (only crit val) indicating v(t) is a

min. (Corrected)

TTA e 1 . . 2sec?(2x) _ T 2 _ 2
7 A L’Hopital’s Rule Applies. xl_l)%% — = 2 (sec 4) = 2(\/5) =4
8 C Only at x = 3 does lim g(x) # lim g(x)
x— 3~ x— 3t
9 D f'(x) =3,3x2—-9=3,x2 =4,x = +2
10 E Since lim e3* =0, lim f(x) = % = 2 and since lime3* = oo, lim f(x) = 0
X—>—00 X——00 X—00 X—00

Ay ’ 2

—on[—1,2] = -3,f'(x) = 3x* — 6 = —3,x = +1 but MVT only guaranteed
11 |A Ax

on(—1,2);c#+ -1
12 C Average Acceleration, as an average rate of change, = i—: = % =40
13 b Fundamental Theorem of Calculus: fff’(t)dt =8f(4)—f(1)=38

F(4)=8+f(1)=8+2=10
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# Ans. |Description
Imp Diff: 2xy3 + 3x%xy2 2 + 832 = 0,@ (2,1): 4 + 122 +8% =
p - eXy Y ax Y ax ’ il dx dx ’
dx  'dx 5
Can switch x, y and use Implicit Differentiation, or
15 D , 1 1 1 1
g (5) —_— , —_— 7 —_— —_— —
flg®) @ 3H+1 13
16 |B Definition of the derivative where f(x) = sin*x, f'(x) = 4sin3(x) - cos(x)
17 C Use u-substitution or use understanding of the chain rule
Solve x + 6x = 7,x = —7,1. Take the 2 to getd—y =(2x+6) &
18 E dt dt dt
WithZ = 3andx = -7,1, 2 = +24
dt dt
3
19 |4 || (@60 f@)dx =9
0
With top and bottom having the same length,
20 E
perimeter = 2 f03 J1+ (' (x)?dx =~ 19.494
21 |cC 4(8+7>+4(7+9>+4(9_7>+4(_7_2)—48
2 2 2 2 /-
Need Vel and Accel to be the same sign. Plot crit. values & check,
22 E
Bothneg: 3 <t < 4 andboth pos:t > 5
23 B f(x) has inflection points at x = —6 and x = 2 because f"'(x) changed signs.
2402 = ax Y_o0¥__,¥ — - @ _ 22406 _
x“+y°= 30,2xdt+2ydt —O,dt = xdt/y.x = 24 wheny = 18 and =15 =
24 A .
4 It
sec
1
f'(x)dx = f(1) — f(13),
25 [D "
1 13
fH=fA3)+ | f'(x)dx= 20— f'(x)dx = 20— (16 —8) =12
13 1
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Tie Breaker 1 Answer
A conical funnel is being used to put oil into your car. The 10" tall funnel has a 3" radius.

The funnel is almost full of oil and the oil is flowing out at a rate of 2 cubic inches per second.

How fast is the height of oil in the funnel changing when there is only 5" left in the funnel?

) av in3 3 1 1 3 \2 1 9
Given:— = —-2—,r=—h.So,V=-nr?h==m (—h) h=-mr —h3
dt s 10 3 3 10 37 100
19 av 9t , > dh dh 100 av
WithV ==m —h3,— = —h?— ,and— = —
37100  ’dt 100 dt’ dt  9mh? dt
in3
Ly dV in3 . dh 100(‘2—) 8 in
Now with— = -2— and h = 5in,— = ————~2 = — — —
dt s dt 9 (5in)? 9 s

Tie Breaker 2 Answer
Use the functions f(x) = 3x? and g(x) = 4x — 4x? graphed at the right to answer the following questions.

a) Let the shaded area bound by the graphs be the base of a fixed solid. What is the volume of the solid if
cross sections, cut perpendicular to the x-axis, are semicircles?
b) Find the volume carved out in space if the bounded area is rotated around the line x = 2.

a) Area of each cross section is %nrz wherer = w. These infinite cross sections can be added up
with
1 fl (4x—x2—3x2)2 dx =™ Work: 1 fl (4x—x2—3x2)2 dx = Efl(z —2x%)2d
STy \—F—) dx = . Work:om | (——— ) x==Jy(2x—2x X
=T (gx? — gy3 4 LN O B DOV ST I S O BT S| [
_2f0(4x 8x +4x)dx—2[3x 2x +5x]0—2[3 2+5 0]—15.
b) Slice Vertically and use Shell method: 27 fol r(x)h(x)dx = 2m fol((Z —x)(4x — 4x*))dx = 2m
Or
Solve for x and slice horizontally and use washer method:

jeld
fx)=y=3x* — x = +\/§andg(x) =y = 4x — 4x? = x = 2 —,/4 —y (Note: requires

completing the square to solve for y and the choice of —V for the left half of the parabola.

Volume via Washer: 7 [ ((2 —(2- J4_—;z))2 + (2 — \/92) dy=m|; <4 ~y+ (2 — §>2> dy =

21
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Tie Breaker 3 Answer
For 0 < t < 24 hours, the water level in the bay is given by the function W that satisfies the differential

_aw _ 2sin(3t . . .
equation —= = # W (t) measures the depth of water by a dock in meters, and t is measured in

hours. At time t = 1 hours, the depth of the water is 4 meters.

a) Write an equation for the line tangenttoy = W (t) whent = 1.
b) Find y = W(t), the particular solution to the differential equation, given that W (1) = 4.

dw _ 2sin (gt) aw 21 _ 1 . . . 1,
a) —=— @(14) = @ So, an equation of the line at (1, 4) with slope cis
4 = ! (t—1) 1 t+ 23
YTETG Y= e

b) Separate the variables and integrate: 3W dW = 2sin (g t) dt

f3w AW =f2$in (gt) dt

Must have the constant of integration: %WZ = — % cos (g t) +C
Use the initial condition to solve for C: % (4)? = - % cos (g) +C
24 =C
3 4 T
—W?=—— —t)+ 24
> p c085 (2 ) +
T
2 — —
wWe = SnCOS(Z t) + 16

Choose +V  because of (1,4) W(¢) = \/—%co s (g t) +16, 0 <t < 24.




