Arkansas Council of Teachers of Mathematics
2019 Calculus Regional Exam

Work the multiple choice questions first, choosing the single best response from the choices available.
Indicate your answer here and on your answer sheet. Then, attempt the tiebreaker questions at the end
starting with Tie Breaker #1, then #2, and finally #3. Turn in your answer sheet and the tiebreaker pages
when you are finished. You may keep the pages with the multiple-choice questions.

Figures aren’t necessarily drawn to scale. Angles are given in radians unless otherwise stated.

1. Suppose f(x) is a function such that % < f(x) < 1 for all x near 0. Use this fact to evaluate

lim f(x).
x-0
A lim f(x) =2
x—0
B. limf(x)=1
x—0
C. limf(x)=0
x—0
D. lirr(l) f(x) does not exist
X—
E. None of the above

; 3x2-2x
2. Evaluate 9}1_{210 (\/ﬁ) =

8 NIWwh WO

Mo O W

The limit does not exist.

3. Letf(x) = x?z + 2 -In(3x?%) + e3. Find f'(x).

A. f’(x)=§x+§+392
, 2 2

B. f(x)=§x+§
"(x) = 2 4

C. f(x)—3x+x

D. f'(x) =§x+%+6e

E. None of the above
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4. Let g(x) = 2xtan(3x?% + 4). Find g’ (x).

g'(x) = 12x?sec*(3x* + 4) + 2tan(3x% + 4)
g'(x) = 12x sec?(3x? + 4) + 2 tan(6x)

g'(x) = 2sec?(3x% + 4) (6x)

g'(x) = 2xsec?(6x) + 2 tan(3x?% + 4)

None of the above

Moo W

5. Find the equation of the line tangent to the graph of f (x) = 2e* + 3x2 + cos? x when x = 0.

A y=2x+3
B. y=2x—-6
C. y=3x+2
D. y=3x—-6
E. None of the above

6. Suppose 2x?y + 3x* + y = 3. Find the slope of the tangent line at the point (1,0).

4
5

W [

—-12
—4
None of the above

Moo w >

7. Suppose the area of a circle is increasing at a rate of k feet per second. How fast is the radius of the
circle changing at the instant the radius is 3ft? (Recall A = nr?2. Leave your answer in terms of 7).

é’?l?’*lgwlilg

mo o W

None of the above
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8. Give the x values at which the absolute extrema occur (if they exist) for the function
f(x) = 2x3 — 6x + 2 on the interval [2,4].

absolute max at x = 2, absolute min atx = 4
absolute min at x = 2, absolute max atx = 4
absolute min at x = 1, absolute max atx = 4
No absolute min, absolute maxatx = 4
None of the above

SHCNSN- =

9. Of all rectangles having fixed perimeter p, determine the dimensions of the rectangle with the
maximum area. Give your answers in terms of p.

2pX2p

PP

4 4-p

4pX Z

PP

2 2

None of the above

m o 0w

4 .
10. Evaluate fz x™ 1 dx. Give an exact answer.

~ (4" —2m)
~(n?)

ﬁ (24m)
L@ =4

None of the above

Moo oW

11. Suppose f14 (%x - axz) dx = 5, where a is a constant. Use this fact and properties of integrals to

evaluate [ 41(ax — 2ax?) dx.

10

-10

5

-5

None of the above

mooOw»
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2x+4
3x2+12x

12. Find the indefinite integral: [

§1n|3x2 + 12x| + ¢
3In|3x% + 12x| + ¢
§(3x2 +12x) 2+ ¢

3In|2x +4|+c
None of the above

Mo O w e

13. Find the indefinite integral: [ xx: dx

x2

> - t¢C
X“+x

x+Injlx+1|+c
x—Inlx+1|+c

%x2+ln|x+1|+c

m o owm >

None of the above

14. Suppose f(x) = x? — ax where a > 0. Determine the value of b > 0 for which fobf(x)dx = 0.
(Note: Your answer will be in terms of the constant a).

A. b=3a
B. bzza
3
C. b=2a+3
D. bzza
E. None of the above

15. Suppose f(1) = 3, f'(1) = 2, g(1) = 4,and g'(1) = 0. If h(x) = ;(i—fl find h'(1).

4
5
_2
5
undefined
—4
None of the above

Mmoo w >
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Arkansas Council of Teachers of Mathematics
2019 Calculus Regional Exam

16. Determine if the Mean Value Theorem applies to the function f(x) = Inx + e on the interval [1, e].
If so, the Mean Value Theorem guarantees the existence of at least one x-value where the
derivative has a certain value. If the theorem applies, find this/these x-value(s).

17. Given the graph of f'(x) shown on the right, determine the
x-value(s), if any, at which f(x) has a relative maximum.

Moo w >

mooOw»

0,2

2
2e +1
e—1 4
The Mean Value Theorem does not apply.
None of the above.

x=-3,2

x = —2.2
x=-1
x=-3,—-1,2

None of the above.

18. Use a Riemann sum to estimate the area bounded by the function f(x) = x* + 1,x = 0,x = 8, and
the x-axis. Use a partition of 6 rectangles of equal width with right-hand end points.

SHCNSN- IS

138.37
178.67
223.70
260.00
None of the above.

19. A car is headed west on a perfectly straight road with a speed limit of 55mph. At t = 0, the driver
realizes that her speed is 80mph so she begins to slow down according to the acceleration
function a(t) = —1280(1 + 8t) 3 mph, where t > 0. How far does the driver travel between t = 0
and t = 0.27
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8.224 miles
6.154 miles
7.297 miles
5.003 miles
None of the above.
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20. Determine values of constants ¢ and d so that the following function is continuous at x = 2.
2x+3 x<?2
flx) = d x =2
dx?> —7c x>2

A. c=3,d=

B. ¢c=3,d=

C. c=7,d=%

D. d=2,c=-3

E. None of the above.

21.Let R be the region bounded by y = x, y = 3x, and y = 4. Find the volume of the solid generated
when R is revolved about the y-axis.

2
-1
3
256

3
256

27
512
- T
27

None of the above.

Moo W

22.Evaluate the following, where k is a constant.

t

lim—
t-0yvkt+1—1

A o

B. k?

C. 2k

D. 2

k
E. None of the above.

23.Suppose that f"' is continuous on an open interval containing ¢ with f'(c) = 0 and f"'(c) < 0.
Which of the following are true?

A. f has arelative maximum at c.
B. fisundefined atc

C. f hasarelative minimum at ¢
D. (c, f(c)) is a point of inflection
E. None of the above.
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24. Determine the equation of the line that represents the linear approximation of
f(x) =sinx +In(1+ x) atx = 0.

m o 0w

L(x) = 2x
Lix)=x+2
L(x) =%x
L(x) = %x + 2

None of the above

25. Evaluate the following limit, where a and b are constants and b # 0.

Page 7

m o o wx

- (3sin(ax) 1-—cosx
lim +
2bx X

x—0
0
3a
2b
a—1

b
Ea+2
2

None of the above
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Tie Breaker #1
Name:
School:
9—x
Suppose (x) = {x/E—3 ¥ <9 :
b+3 x=9

Determine the value of the constant b for which lirr% f (x) exists. Show all of your work.
X—
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Tie Breaker #2

Name:

School:

Of all boxes with a square base and a volume of k ft3, which one has the minimum surface area?
Give the dimensions in terms of the constant k. Show all work.
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Tie Breaker #3

Name:

School:

Two cylindrical tanks are filled with water at the same rate. The larger tank has a radius of 8 ft while the
smaller tank has a radius of 5 ft. Suppose the water level in the smaller tank is rising at a rate of
0.5 ft/min. How fast is the water level rising in the larger tank?
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Answer Key

O X®| N o vl B W N =
W Ol O = = O O W

o9]

Uy
e
>

11.B

12.E

13.C

14.D
15.A
16.C

17.C

18.C

19.B

20.A

21.D

22.D

23.A

24.A

25.B
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Tie Breaker 1 Solution

9—x
Suppose (x) = {\/5—3 x<9 _
b+3 x=9

Determine the value of the constant b for which }Ci_rg f(x) exists. Show all of your work.
- : 4 -X
VLU'\'\ ,%, XJ= _,ELm —_—
- NVx -3
X=»q- X=>1q
(Q0OWT +3) _ L Q-0O0K £3)

9 (K-3Wx+2) X294  X-q
e AT L L -+ 3) = b

X9q° x4 X=>9-
M 4007 Llim (bt3)= -
X2 X>qt
b+3=-6
b=-9
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Tie Breaker 2 Solution

Of all boxes with a square base and a volume of k ft3, which one has the minimum surface area?
Give the dimensions in terms of the constant k. Show all work.

N = xllf; \l%tg

3
SA"(x)= H+8B kX
x
- Q% 4 , <
Sh N SA'(ED =413 ()
2 = 8 k()
X 5; h 2 E. t
) = K +L+X(73
ke = S ) ) =348=0R >0
S SA()= AR + HRX
) SO i }DLI HUL SALOr\d
SA' (%) = LX-HRY dery. fest thove b vol may
Ux -4k g ak y-p"®
XZ
LN
4 -tk =0 ‘Ef‘(mf i
4= 4
%-
X' =k Puimensions:
= 3 Y
X \}Tl }?_/5)( k—ya”\kils
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Tie Breaker 3 Solution

Two cylindrical tanks are filled with water at the same rate. The larger tank has a radius of 8 ft while the
smaller tank has a radius of 5 ft. Suppose the water level in the smaller tank is rising at a rate of
0.5 ft/min. How fast is the water level rising in the larger tank?

OV, | pawdh, . dV%, 25
At A de 7

Lhodh . Sy
—=" i 2

¥ ¢
Oh. a5
V= 1rr2h A 28 28 Bimin

V- T8 he =T ke 25Th

AV a5midh

dk dt

dV . g5n(5)=22T
dt

2,195 $ [mn
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