2009 Regional Math Contest
Calculus

Select the best answer for each of the following questions and mark it on the answer sheet
provided. Be sure to read all the answer choices before making your selection. When you are
finished with the multiple-choice questions, please attempt the tiebreaker questions.

A1+ x-1
1. Findlim
X—>1+ X2 _1
a. 1 b. 2+2\/§ c. 1 +2\/§ d. Does not exist e. None of the above
2. Compute: lim M
x> 3X+8 COSX
a. 7/11 b. 23/12 c.2/3 d.5/8 e. w
LS i.,2
3. Compute lim Z(1+—)(—)
n—o0 i—1 n n
a. 1 b. 3/2 c.3 d. 4 e. o

tan(ax+z/4) -1

4. Find the value of a such that Iing 4,
X—> X
a. 1 b. 2 c. 242 d.16/3 e. None of the above
5. Compute the limit of the following Riemann sum: lim Z PET)
el (R |
1 1 1
a. Z—In2 b. g—ln2 C.E—|I’\2 d.1-1In2 e. None of the above
6. If fis differentiable at 2, find lim M
X—>2 \/_ _ \/E
a. f(2) b. 2 f'(2) c. M d. 22 £'(2) e. Does not exist
7. Let 2+S'”X(ﬂj=—cosx, y(0)=1. Find y'(0).
y+3 \dx
a. -2 b.-4/3 c.-3/2 d.o e. None of these



8. Find the derivative of tan x with respect to sin x.

a. secxtanx b. SeCZX C. SeCZX sinx d. SeCZX COs X e. sec3x

9. Lety= X Find y'(0).
1+ x|

a. -1 b.0 c. ¥ d. 1 e. Does not exist
10. xy = (x+y)" and % =Y Find the value of n.
X X
a. 0 b.3 c4 d.5 e. None of the above

X
11. Leta<0< b. Evaluate f; X1 g
X

a. a+b b.a-b c.b-a d. Does not exist e. None of the above

5
12. Evaluate le 5 dx
+X

4 2

a. XT—X? + Iny1+x% +c
4 2

b. XT_% + In{1+x* +¢
4 2

C. XTJF% + Iny1+x? +c
4 2

d. —

2 +X7 + Iny1+x* +¢

e. None of the above.



H) 4

SIn” X+ COS™ X
13. Evaluate _‘-ﬁ dx

SIN™ X COS™ X

sec’ X €sC? X
— +C
2 2
sec’x  csc? x
— + +C
2 2
c. —4sec®x+4cscix+c

d. 4sec®x — 4csc®x +¢

e. None of these

IXS\/1+ x3dx

14. Evaluate:

5(1+X3)5/2 ~ (1+X3)3/2

6 2
3\5/2 3\3/2
b. _5(1+x%) +(1+x)
6 2
20+ x%)% . 2(1+x%)%2
15 9
4 20+ x°)%% 2@+ x%)*"?
' 15 9
e. None of the above

1
15. Evaluate J.
0

sin(x)
sin(x) + sin(l—x)

cosl-1
cosl+1
cosl+1
cosl-1
cosl
cosl+1
cosl
cosl-1
e. None of these



1
16. Suppose f is continuous, f(0) =0, f(1) =1, f'(x)>0and If (x)dx =1/3
0

1

[t *(y)dy 2
What is the value of ©
3 b.1 ¢ 1/3 d. Not enough information e. None of the above

a.

17. Find the equation of the tangent linetoy = x> + 1 which is parallel to the line y = -4x.

a.

®ao0 o

4x +y+3 =0

X +4y +3=0
dx+y +4=0
X+4y+4=0
None of the above

18. Tangent lines at the points (at?, 2at) and (as’, 2as) on the parabola y* = 4ax are
perpendicular. Then which one of the following is true:

©aoow

a>0
a>0andst=-1
st=-1
a>0andst=1

None of the above

19. The area enclosed between the curves y* = ax and x* = ay (a >0) is 1 square unit. What is
the value of a?

a.

\/E b. \/E c. \/E d. \/7 e. None of these

20. The function f(x) = xe™ has a local maximum at x equals:

a.

0 b. e’ c.1 d.e e. None of the above

21.1f f(1) =10, and f'(x) > 2 for 1 < x < 4, how small can f(4) possibly be?

8 b. 10 c. 14 d. 16 e. None of these



22. Suppose f is continuous on [0,1] and f(0) = 6 and f(1) = -2. From the Intermediate Value
Theorem for continuous functions, it follows that:

f(1/2) =2

b. Thereis a unique cin (0,1) where f(c) =5
There is a value c in between 0 and 1 where f(c) equals the circumference of circle of
radius 1/2

d. Thereis a value c between 0 and 1 where f(c) equals 6 or -2

e. None of the above

Q

23. The solutions of 2xy % = (1+y?) are given:
3y% = cx (3+y°), c is a constant

1+y’ = cx, c is a constant

1+ y* = cx?, cis a constant

3y’=cx (3 +%%), cis a constant

None of the above

©ao oo

24. A particle moves along the curve y = x> + 2x. Find the Cartesian coordinates of the point
on the curve where the rate of change for the x and y coordinates of the particle is the
same.

a. (1/2,3/4) b(-1/2, 3/4) c.(1/2,-3/4) d. (-1/2,-3/4)

e. None of these



Name

Tie Breaker #1

There is a line through the origin that divides the region bounded by the parabola
y= x — x2 and the x-axis into two regions with equal area. What is the slope of that
line?



Name

Tie Breaker #2

The figure shows a horizontal line y = ¢ intersecting the curve y = 8x — 27x3. Find the
number c¢ such that the areas of the shaded regions are equal.

y =8x—27x3




Name

Tie Breaker #3

The figure shows a circle with radius 1 inscribed in the parabola y= x2. Find the center
of the circle.
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Tie Breaker #1

There is a line through the origin that divides the region bounded by the parabola y= x — x? and the x-axis into
two regions with equal area. What is the slope of that line?

y = mx

£

a
Solution: Let y = mx be the line that divides the area bounded by the parabola and x-axis into two
regions with equal area. Let a be as denoted in the above figure. First, note that the area bounded by the
1 1
parabola and the x-axis is fo (x —x¥)dx = -
Second, ma = a — a? which implies m =1 — a.

Since the line divides the area into two halves, we have

a
[—xt —modr =
x —x% —mx)dx = —
12
20 3 2
x x x*la _ 1
(o) 2 3 m2]0_12
. a? ad a? 1
i.e. ————-m—=—=
2 3 2 12
a’? ad ) )az (si )
> ———(1-a)=—=— =1-
773 1-a > > since m a)
a3+a3
> =
3 2 12
1
> ad==
=3
1
>qa===
V2
1

Therefore, m =1 — EE



Tie Breaker #2

The figure shows a horizontal line y = ¢ intersecting the curve y = 8x — 27x3. Find the number ¢ such that
the areas of the shaded regions are equal.

y =8x—27x3

Solution: Let a, b be as noted in the above figure. Obviously 8a — 27a3 = c and 8b — 27b3 = ¢. Since
the shaded regions have equal area,

a b
f[c — (8x—27x¥)]dx = f(gx —27x% — O)dx
0 a
27x*| a 27x* b
cx —4x? + = 4x%— —x
4 |0 a
ie. cot—40t2+E = 4b2—ﬂ—cb—4az+ﬁ+ca
4 4 4
27b*
= 4’b2 - —_ Cb = 0
4
= 4p — % = = 8bh — 27b3
4
> 81b°~16b=0 = b=g
3

Therefore ¢ = 8b — 27h3 = 8 X ~— 27 (i) =
9 o) T27



Tie Breaker #3

The figure shows a circle with radius 1 inscribed in the parabola y= x?2. Find the center of the circle.

y | y=x

0,k)
1 1
0 a

X

Solution: Let (0, k) be the center of the circle, and a as shown in the figure. Since the circle is inscribed in the
parabola, the tangent line to the circle as well as the parabola are the same. Therefore, Z—z at the point (a, a?) is the
same for the circle and the parabola. This means

x
——— @(a,a?) = 2x @(a,a?)
y—k

Also, since the radius of the circle is 1, we have
a?+ (@ -k?*=1
2 1 _
=>a*+.=1 by O
= a% =

Therefore by @, k =2.

4

S w



