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Abstract

We consider the problem of driving two non-relativistic charged particles in a
bounded vacuum electromagnetic field to a same location by applying electromagnetic
forces through the boundary of the domain. The dynamics of the particles is mod-
eled by Maxwell’s equations coupled with the Lorentz force law and the problem is
reduced to a boundary feedback control problem. Using the perturbed energy method,
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move to the origin exponentially. Our result may have potential applications in particle
acceleration and nuclear fusion.
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1 Introduction

The motion of charged particles is fundamental to a lot of interesting physics and engineering

and has had many applications, including particle accelerators and cathode-ray and X-ray

tubes. The motion of a non-relativistic charged particle in a vacuum electromagnetic field

can be modeled by Maxwell’s equations coupled with the Lorentz force law [3]

ε0µ0
∂E

∂t
= ∇×B, in Ω, (1.1)

∂B

∂t
= −∇× E, in Ω, (1.2)

∇ · E = ∇ ·B = 0, in Ω, (1.3)

d2p

dt2
=

q

m
E|p +

q

m

dp

dt
×B|p, (1.4)

E× n|∂Ω = F1, B|∂Ω = F2, (1.5)

where Ω is a bounded domain in R3, ∂Ω is the boundary of Ω, n is the outward unit normal

on the boundary, the vector E is the electric intensity, B is the magnetic intensity, q is the

charge, p is the position vector of the charge, ε0 is the permittivity of free space, µ0 is the

permeability of free space, m is the mass of the charge, ∇× is the curl operator, ∇· is the

divergence operator, and F1,F2 are boundary feedback controllers to be designed to drive

the charge p to a desired position such as the origin. We have used the Lorentz force law in

(1.4). For two particles, the equation (1.4) needs to be replaced by the following equations

d2p1

dt2
=

q1

m1

E|p1 +
q1

m1

dp1

dt
×B|p1 +

1

4πε0m1

q1q2

|p2 − p1|3 (p2 − p1), (1.6)

d2p2

dt2
=

q2

m2

E|p2 +
q2

m2

dp2

dt
×B|p2 −

1

4πε0m2

q1q2

|p2 − p1|3 (p2 − p1), (1.7)

where q1, q2 are the charges, p1,p1 are the position vectors of the particles with charges

q1, q2, respectively, m1, m2 are the masses of the particles, respectively. In (1.6) and (1.7),

we include a Coulomb force interaction between the particles. We assume that the particles

exert no magnetic forces on each other. This means our model is only accurate in the non-

relativistic regime. The case of two particles can be extended to multiple particles. Since

the extension has no essential differences, we do not discuss it here.

Our goal is to design feedback controllers F1,F2 to drive the particle p to the origin in

the case of one particle, and to drive two particles p1 and p2 to the origin in the case of two

particles. In the latter case, if these two particles get extremely close, the equations (1.6)
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and (1.7) are no longer accurate since at distances similar to the size of the charge, the strong

force dominates. In this case, a term modeling the strong force should be included. However,

since the particles attract each other via the strong force, the equations (1.6) and (1.7) suffice

to cover the effect of the strong force in driving two particles to the same location.

Control problems of Maxwell’s equations have been intensively studied since Russell’s

pioneer work [29] in the early 1980s, when Russell was interested in control problems as-

sociated with Maxwell’s equations in connection with nuclear fusion applications. Russell’s

results were then extended by Kime [10] to a spherical region. Using the Hilbert uniqueness

method, Lagnese [18] established the boundary controllability in a general convex region.

Later on, the internal controllability and controllability for the equations with variable per-

mittivity and permeability were studied by many authors (see, e.g., [1, 2, 4, 5, 6, 7, 8, 9, 10,

11, 12, 13, 14, 15, 17, 20, 21, 22, 23, 24, 25, 26, 27, 28, 31, 32]) via various methods such as

the Lions’ Hilbert uniqueness method, Russell’s “controllability via stabilizability” principle,

and microlocal analysis.

To our knowledge, the feedback control of (1.1)-(1.5) (or with (1.6)-(1.7)) has not been

touched. In this paper we fill up this empty. Using the perturbed energy method, we design

feedback controllers and prove that the designed controllers drive the particles to the origin.

2 Results

Define the energy function W1 by

W1(t) =
1

2

∫

Ω

(
ε0|E(t, x, y, z)|2 +

1

µ0

|B(t, x, y, z)|2
)

dV +
1

2

(
k|p(t)|2 + m|p′(t)|2) ,

where k is a positive constant. Let S1 and S2 be the subsets of the boundary ∂Ω such

that S1

⋃
S2 = ∂Ω, mes(S1) 6= 0, and mes(S2) 6= 0 (mes denotes the measure). A direct

calculation gives

W ′
1(t) =

∫

Ω

(
ε0E(t) · E′(t) +

1

µ0

B(t) ·B′(t)
)

dV + kp(t) · p′(t) + mp′(t) · p′′(t)

=

∫

Ω

(
1

µ0

E(t) · (∇×B)− 1

µ0

B(t) · (∇× E)

)
dV

+kp(t) · p′(t) + p′(t) ·
(

qE|p + q
dp

dt
×B|p

)

=
1

µ0

∫

∂Ω

(E(t)× n) ·B(t)dS + kp(t) · p′(t) + qp′(t) · E|p.
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This motivates us to take the feedback controllers

B|S1 = kp(t) + qE|p + c3p
′(t), (2.1)

E× n|S1 = − c1µ0

mes(S1)
B|S1 −

µ0

mes(S1)
p′(t), (2.2)

B|S2 = p(t), (2.3)

E× n|S2 = − c2µ0

mes(S2)
B|S2 , (2.4)

such that

W ′
1(t) = − (

c1|kp(t) + qE|p + c3p
′(t)|2 + c2|p(t)|2 + c3|p′(t)|2

)
, (2.5)

where c1, c2, c3 are positive constants.

Theorem 2.1. Assume that the domain Ω is convex. Then there exist positive constants

ω, M such that the solution of the system (1.1)-(1.5) with the feedback controllers (2.1)-(2.4)

satisfies

W1(t) ≤ MW1(0)e−ωt. (2.6)

For the case of two particles, we define the energy function by

W2(t) =
1

2

∫

Ω

(
ε0|E(t, x, y, z)|2 +

1

µ0

|B(t, x, y, z)|2
)

dV +
1

2

(
k1|p1(t)|2 + m1|p′1(t)|2

)

+
1

2

(
k2|p2(t)|2 + m2|p′2(t)|2

)
,

where k1 and k2 are a positive constants. Let S1, S2, S3 and S4 be the subsets of the boundary

∂Ω such that
⋃4

i=1 Si = ∂Ω and mes(Si) 6= 0 (i = 1, 2, 3, 4). As in the case of one particle, a

direct calculation gives

W ′
2(t) =

1

µ0

∫

∂Ω

(E(t)× n) ·B(t)dS

+k1p1(t) · p′1(t) + p′1(t) ·
(

q1E|p1 +
1

4πε0

q1q2

|p2 − p1|3 (p2 − p1)

)

+k2p2(t) · p′2(t) + p′2(t) ·
(

q2E|p2 −
1

4πε0

q1q2

|p2 − p1|3 (p2 − p1)

)
.
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Thus we derive the following boundary controllers

B|S1 = k1p1(t) + q1E|p1 + c3p
′
1(t) +

1

4πε0

q1q2

|p2 − p1|3 (p2 − p1), (2.7)

E× n|S1 = − c1µ0

mes(S1)
B|S1 −

µ0

mes(S1)
p′1(t), (2.8)

B|S2 = p1(t), (2.9)

E× n|S2 = − c2µ0

mes(S2)
B|S2 , (2.10)

B|S3 = k2p2(t) + q2E|p2 + c6p
′
2(t)−

1

4πε0

q1q2

|p2 − p1|3 (p2 − p1), (2.11)

E× n|S3 = − c4µ0

mes(S3)
B|S3 −

µ0

mes(S3)
p′2(t), (2.12)

B|S4 = p2(t), (2.13)

E× n|S4 = − c5µ0

mes(S4)
B|S4 (2.14)

where c’s are positive constants. With these feedback controllers we have

W ′
2(t) = − (

c1|B|S1(t)|2 + c2|p1(t)|2 + c3|p′1(t)|2 + c4|B|S3(t)|2 + c5|p2(t)|2 + c6|p′2(t)|2
)
.

(2.15)

Theorem 2.2. Assume that the domain Ω is convex. Then there exist positive constants

ω, M such that the solution of the system (1.1), (1.2), (1.3), (1.6), (1.7) with the feedback

controllers (2.7)-(2.14) satisfies

W2(t) ≤ MW2(0)e−ωt. (2.16)

3 Proofs

The following identity is a small variant of the identity developed in [4] and plays a key rule

in dealing with Maxwell’s equations. For reader’s convenience, we provide a concise proof

by using tensors.

Lemma 3.1. Let E,B satisfy the Maxwell’s equations (1.1) and (1.2). Then for any differ-
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entiable vector function v = (v1, v2, v3) and any constant δ, we have

µ0
∂

∂t

(
ε0|E|2 +

1

µ0

|B|2 + 2δ
ε0

µ0

v · (B× E)
)

= ∇ ·
(
2(B× E) + δ

(
ε0|E|2 +

1

µ0

|B|2
)

v − 2δε0(E · v)E− 2
δ

µ0

(B · v)B
)

+2δ
3∑

i,j=1

∂vi

∂xj

(
ε0EiEj +

1

µ0

BiBj

)
− δ∇ · v(ε0|E|2 +

1

µ0

|B|2)

+2δε0(E · v)(∇ · E) + 2
δ

µ0

(B · v)(∇ ·B). (3.1)

Proof. In this proof, Einstein summation convention is assumed. We also raise and lower

indices without abandon because our problem is set in flat space. Using the tensor notation,

we can write ∇·E = ∂µE
µ and ∇×E = εµαβ∂αBβ and then (1.1) and (1.2) can be rewritten

as Ėµ = 1
ε0µ0

εµαβ∂αBβ and Ḃµ = −εµαβ∂αEβ, respectively, where

εµαβ =





1, if µαβ is an even permutation of 123,
−1, if µαβ is an odd permutation of 123,
0, otherwise.

It then follows that

µ0
∂

∂t

(
ε0EµE

µ +
1

µ0

BµB
µ + 2δ

ε0

µ0

vµε
µαβBαEβ

)

= 2µ0ε0ĖµE
µ + 2ḂµB

µ + 2δε0vµε
µαβ[ḂαEβ + BαĖβ]

= 2εµ
αβ(∂αBβ)Eµ − 2εµ

αβ(∂αEβ)Bµ + 2δε0vµε
µαβ

[
−εα

γδ(∂γEδ)Eβ +
1

ε0µ0

εβ
γδ(∂γBδ)Bα

]
.

After reindexing and factoring, the first two terms can be rewritten as the derivative of a

product, and then we obtain

µ0
∂

∂t

(
ε0EµE

µ +
1

µ0

BµB
µ + 2δ

ε0

µ0

vµε
µαβBαEβ

)

= 2∂α(εαβµBβEµ)− 2δε0vµε
µαβεαγδ(∂

γEδ)Eβ + 2
δ

µ0

vµε
µαβεβγδ(∂

γBδ)Bα. (3.2)

Using the following identity

εµαβεijk = δijk
µαβ,

we obtain

εµαβεαγδ = −εαµβεαγδ = δµ
δ δβ

γ − δµ
γ δβ

δ ,

εµαβεβγδ = εβµαεβγδ = δµ
γ δα

δ − δµ
δ δα

γ ,
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where

δβ
α =

{
1, α = β,
0, α 6= β,

, δijk
µαβ =

∣∣∣∣∣∣

δi
µ δi

α δi
β

δj
µ δj

α δj
β

δk
µ δk

α δk
β

∣∣∣∣∣∣
.

Substituting these equations into (3.2), we get

µ0
∂

∂t

(
ε0EµE

µ +
1

µ0

BµB
µ + 2δ

ε0

µ0

vµε
µαβBαEβ

)

= 2∂α(εαβµBβEµ)− 2δε0vµ[δµ
δ δβ

γ − δµ
γ δβ

δ ](∂γEδ)Eβ + 2
δ

µ0

vµ[δµ
γ δα

δ − δµ
δ δα

γ ](∂γBδ)Bα

= 2∂α(εαβµBβEµ)− 2δε0vµ(∂βEµ)Eβ + 2δε0vµ(∂µEβ)Eβ

+2
δ

µ0

vµ(∂µBα)Bα − 2
δ

µ0

vµ(∂αBµ)Bα

= 2∂α(εαβµBβEµ)− 2δε0∂
β(vµE

µ)Eβ + 2δε0∂
β(vµ)EµEβ + δε0vµ∂

µ(EβEβ)

+
δ

µ0

vµ∂
µ(BαBα)− 2

δ

µ0

∂α(vµB
µ)Bα + 2

δ

µ0

∂α(vµ)BµBα

= 2∂α(εαβµBβEµ) + 2δ(∂αvµ)

[
ε0E

αEµ +
1

µ0

BαBµ

]
− 2δε0∂

β(vµE
µ)Eβ

−2
δ

µ0

∂α(vµB
µ)Bα + δε0vµ∂

µ(EβEβ) +
δ

µ0

vµ∂
µ(BαBα)

= 2∂α(εαβµBβEµ) + 2δ(∂αvµ)

[
ε0E

αEµ +
1

µ0

BαBµ

]
− 2δε0∂

β(vµE
µEβ)

+2δε0(vµE
µ)(∂βEβ)− 2

δ

µ0

∂α(vµB
µBα) + 2

δ

µ0

(vµB
µ)(∂αBα) + δε0∂

µ(vµE
βEβ)

+
δ

µ0

∂µ(vµB
αBα)− (δ∂µvµ)

(
ε0(E

βEβ) +
1

µ0

(BαBα)

)

which is precisely the identity (3.1).

We are now ready to use the perturbed energy method to prove our main results. We

prove Theorem 2.2. The proof of Theorem 2.1 is virtually identical by taking q2 = 0 in the

following proof.

Proof of Theorem 2.2. We define the perturbed energy by

Wδ(t) = W2(t) + δ

∫

Ω

ε0

µ0

v · (B× E)dV

=
1

2

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2 + 2δ
ε0

µ0

v · (B× E)

)
dV

+
1

2

(
k1|p1|2 + m1|p′1|2

)
+

1

2

(
k2|p2|2 + m2|p′2|2

)
,
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The theorem will be proved if we can show

W ′
δ(t) ≤ −ωWδ(t) (3.3)

for some positive constant ω. Let x0 ∈ Ω. Taking v = x− x0 in the identity (3.1) and using

Stoke’s Theorem, it follows from (3.1) that

W ′
δ(t) =

1

2

∫

Ω

∂

∂t

(
ε0|E|2 +

1

µ0

|B|2 + 2δ
ε0

µ0

v · (B× E)

)
dV

+ (k1p1 · p′1 + m1p
′
1 · p′′1) + (k2p2 · p′2 + m2p

′
2 · p′′2)

=
1

2µ0

∫

∂Ω

(
2B · [E× n] +

δ

µ0

|B|2(v · n)− 2
δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

∂Ω

(
2δε0[(E · E)(v · n)− (E · v)(E · n)]− δε0|E|2(v · n)

)
dS

− δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV + (k1p1 · p′1 + m1p
′
1 · p′′1)

+ (k2p2 · p′2 + m2p
′
2 · p′′2) .

Here we have added and subtracted δε0|E|2(v · n) inside the surface integral. Using the

identity (a×b) · (c×d) = (a · c)(b ·d)− (a ·d)(b · c) and the equations (1.6) and (1.7), we

then obtain

W ′
δ(t) =

1

2µ0

∫

∂Ω

(
2B · [E× n] +

δ

µ0

|B|2(v · n)− 2
δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

∂Ω

(
2δε0[(E× n) · (E× v)]− δε0|E|2(v · n)

)
dS − δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV

+k1p1 · p′1 + q1p
′
1 · Ep1 +

1

4πε0

q1q2

|p2 − p1|3p
′
1 · (p2 − p1)

+k2p2 · p′2 + q2p
′
2 · Ep2 −

1

4πε0

q1q2

|p2 − p1|3p
′
2 · (p2 − p1).

Splitting the surface integral on ∂Ω into four surface integrals on S1, S2, S3 and S4 and using
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the feedback controllers (2.7)-(2.14), we deduce that

W ′
δ(t) =

1

2µ0

∫

S1

[
|B|2

(
− 2c1µ0

mes(S1)
+

δ

µ0

(v · n)

)
− 2µ0

mes(S1)
B · p′1 − 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S1

(
− 2δε0µ0

mes(S1)
[(c1B + p′1) · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S2

(
|B|2

(
− 2c2µ0

mes(S2)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S2

(
−2δc2ε0µ0

mes(S2)
[B · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S3

[
|B|2

(
− 2c4µ0

mes(S3)
+

δ

µ0

(v · n)

)
− 2µ0

mes(S3)
B · p′2 − 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S3

(
− 2δε0µ0

mes(S3)
[(c4B + p′2) · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S4

(
|B|2

(
− 2c5µ0

mes(S4)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S4

(
−2δc5ε0µ0

mes(S4)
[B · (E× v)]− δε0|E|2(v · n)

)
dS − δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV

+k1p1 · p′1 + q1p
′
1 · Ep1 +

1

4πε0

q1q2

|p2 − p1|3p
′
1 · (p2 − p1)

+k2p2 · p′2 + q2p
′
2 · Ep2 −

1

4πε0

q1q2

|p2 − p1|3p
′
2 · (p2 − p1). (3.4)

Using the controllers (2.7) and (2.11), we obtain

1

2µ0

∫

S1

− 2µ0

mes(S1)
B · p′1dS = −c3|p′1(t)|2 − k1p1 · p′1 − q1p

′
1 · Ep1

− 1

4πε0

q1q2

|p2 − p1|3p
′
1 · (p2 − p1),

1

2µ0

∫

S3

− 2µ0

mes(S3)
B · p′2dS = −c6|p′2(t)|2 − k1p2 · p′2 − q2p

′
2 · Ep2

+
1

4πε0

q1q2

|p2 − p1|3p
′
2 · (p2 − p1).
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It then follows from (3.4) that

W ′
δ(t) =

1

2µ0

∫

S1

[
|B|2

(
− 2c1µ0

mes(S1)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S1

(
− 2δε0µ0

mes(S1)
[(c1B + p′1) · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S2

(
|B|2

(
− 2c2µ0

mes(S2)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S2

(
−2δc2ε0µ0

mes(S2)
[B · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S3

[
|B|2

(
− 2c4µ0

mes(S3)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S3

(
− 2δε0µ0

mes(S3)
[(c4B + p′2) · (E× v)]− δε0|E|2(v · n)

)
dS

+
1

2µ0

∫

S4

(
|B|2

(
− 2c5µ0

mes(S4)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S4

(
−2δc5ε0µ0

mes(S4)
[B · (E× v)]− δε0|E|2(v · n)

)
dS

− δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV − c3|p′1(t)|2 − c6|p′2(t)|2. (3.5)

We now estimate each surface integral. Let

M = max
x∈∂Ω

|v(x)| = max
x∈∂Ω

|x− x0|.

The convexity of the domain Ω implies that there exists a positive constant γ such that

min
x∈∂Ω

v · n = min
x∈∂Ω

(x− x0) · n = γ > 0.

Using Young’s inequality, we deduce that
∣∣∣∣

2δε0µ0

mes(S1)
[(c1B + p′1) · (E× v)]

∣∣∣∣ ≤ Cδ(|B|2 + |p′1|2) +
1

2
δε0γ|E|2.

Hereafter C denotes a generic positive constant that may change from line to line and that

depends on many parameters such as ε0, µ0, mes(S1), γ, M , but independent of δ. Using these
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estimates, we estimate the surface integral on S1 as follows

1

2µ0

∫

S1

[
|B|2

(
− 2c1µ0

mes(S1)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S1

(
− 2δε0µ0

mes(S1)
[(c1B + p′1) · (E× v)]− δε0|E|2(v · n)

)
dS

≤ 1

2µ0

∫

S1

[
|B|2

(
− 2c1µ0

mes(S1)
+

δM

µ0

)
+ 2

δM

µ0

|B|2
]

dS

+
1

2µ0

∫

S1

(
Cδ(|B|2 + |p′1|2) +

1

2
δε0γ|E|2 − δε0γ|E|2

)
dS

≤ 1

2µ0

∫

S1

|B|2
(
− 2c1µ0

mes(S1)
+ δC

)
dS + Cδ|p′1|2

≤ Cδ|p′1|2 (3.6)

for sufficiently small δ. In the same way, we can estimate all other surface integrals as follows

1

2µ0

∫

S2

(
|B|2(− 2c2µ0

mes(S2)
+

δ

µ0

(v · n))− 2
δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S2

(
−2δc2ε0µ0

mes(S2)
[B · (E× v)]− δε0|E|2(v · n)

)
dS

≤ 1

2µ0

∫

S2

|B|2
(
− 2c2µ0

mes(S2)
+ δC

)
dS (use (2.9))

≤ −c2

2
|p1|2, (3.7)

1

2µ0

∫

S3

[
|B|2

(
− 2c4µ0

mes(S3)
+

δ

µ0

(v · n)

)
− 2

δ

µ0

(B · v)(B · n)

]
dS

+
1

2µ0

∫

S3

(
− 2δε0µ0

mes(S3)
[(c4B + p′2) · (E× v)]− δε0|E|2(v · n)

)
dS

≤ 1

2µ0

∫

S3

|B|2
(
− 2c4µ0

mes(S3)
+ δC

)
dS + Cδ|p′2|2

≤ Cδ|p′2|2, (3.8)

and

1

2µ0

∫

S4

(
|B|2(− 2c5µ0

mes(S4)
+

δ

µ0

(v · n))− 2
δ

µ0

(B · v)(B · n)

)
dS

+
1

2µ0

∫

S4

(
−2δc5ε0µ0

mes(S4)
[B · (E× v)]− δε0|E|2(v · n)

)
dS

≤ 1

2µ0

∫

S4

|B|2
(
− 2c5µ0

mes(S4)
+ δC

)
dS (use (2.13))

≤ −c5

2
|p2|2 (3.9)
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for sufficiently small δ. It then follows from (3.5)-(3.9) that

W ′
δ(t) ≤ − δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV − c3|p′1(t)|2 − c6|p′2(t)|2

−c2

2
|p1|2 − c5

2
|p2|2 + Cδ(|p′1(t)|2 + |p′2(t)|2)

≤ − δ

µ0

∫

Ω

(
ε0|E|2 +

1

µ0

|B|2
)

dV − 1

2
(c2|p1|2 + c3|p′1(t)|2 + c5|p2|2 + c6|p′2(t)|2).(3.10)

Moreover, we can readily show that there are positive constants C1 and C2 such that

C1W ≤ Wδ ≤ C2W

for sufficiently small δ. It then follows from (3.10) that there exists a positive constant

ω = ω(δ) such that

W ′
δ(t) ≤ −ωWδ.

Solving this inequality, we obtain (2.16).

4 Discussion

We studied the problem of controlling two low-energy charged particles in a bounded vacuum

electromagnetic field by applying electromagnetic forces through the boundary of the domain.

Using the perturbed energy method, we designed boundary feedback controllers and proved

that the particles under the designed control move to the origin exponentially.

Our results can be extended to the relativistic realm. In that case, the Maxwell equations

are unchanged, but the laws of motion must be generalized. Particularly Newton’s second

law must be revised. In the relativistic version, we must use f = ma, where f and a are the

appropriately defined 4-force and 4-acceleration in space-time. In a given coordinate system

with an appropriately defined 3-force F, this equation reduces to the Lorentz force law with

one minor change: instead of having F = m∂2p
∂t2

, we have F = ∂p
∂t

, where p is the relativistic

momentum.

Our results can be also extended to the motion planning. Let the target orbit pT (t) be

generated by the system (1.1)-(1.5) and define the energy function

W (t) =
1

2

∫

Ω

(
ε0|E(t, x, y, z)− ET (t, x, y, z)|2 +

1

µ0

|B(t, x, y, z)−BT (t, x, y, z)|2
)

dV

+
1

2

(
k|p(t)− pT (t)|2 + m|p′(t)− p′T (t)|2) ,
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where ET ,BT are the fields that generate pT (t). Using the same mechanism, we can design

similar boundary feedback controllers to track pT (t).

It would be desirable in practice to design a feedback control using only the outputs p

and p′. A potential way to achieve this is to use the observer-based control design [16, 30].

A possible observer-based output feedback control could be as follows:

ε0µo
∂E

∂t
= ∇×B, in Ω, (4.1)

∂B

∂t
= −∇× E, in Ω, (4.2)

∇ · E = ∇ ·B = 0, in Ω, (4.3)

d2p

dt2
=

q

m
E|p +

q

m

dp

dt
×B|p, (4.4)

E× n|S1 = −c1B− p′(t), B|S1 = kp(t) + qẼ|p + c3p
′(t), (4.5)

E× n|S2 = −c2B, B|S2 = p(t), (4.6)

with the observer

ε0µo
∂Ẽ

∂t
= ∇× B̃, in Ω, (4.7)

∂B̃

∂t
= −∇× Ẽ, in Ω, (4.8)

∇ · Ẽ = ∇ · B̃ = 0, in Ω, (4.9)

d2p̃

dt2
= −b1(p− p̃)− b2

d

dt
(p− p̃), (4.10)

Ẽ× n|S1 = −c1B̃− p′(t), B̃|S1 = kp(t) + qẼ|p + c3p
′(t), (4.11)

Ẽ× n|S2 = −c2B̃, B̃|S2 = p(t). (4.12)

To show that this output controller works, we need to estimate the error E|p − Ẽ|p. This is

a difficult problem and could not be solved yet.

The existence and uniqueness of a solution of the system (1.1)-(1.5) is an interesting

mathematical problem and could not be solved yet. When we tried to use the Galerkin’s

method, we encountered the difficulty in estimating the solution E|p and B|p. When we

tried to use the nonlinear semigroup theory, we had the problem to show the dissipativity

of the system.

The convex assumption on the domain Ω could meet practical requirements. But it is

an interesting mathematical problem to relax the assumption. For the linear wave equation,

this was achieved by using microlocal analysis [19]. Since the system (1.1)-(1.5) is nonlinear
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and the microlocal analysis is for linear partial differential equation, it will be difficult to

attack the problem.

An interesting extension of the problem considered here is to control a flow of continuous

electrical charges in an electromagnetic field. The control objective in this case is to drive

the flow of the charges to an extreme small region for nuclear fusion. If we denote the density

of the charge by ρ, then it should satisfy the convection-diffusion equation

∂ρ

∂t
+∇ · (ρv) = ∇ · (κ∇ρ),

where κ is the diffusion coefficient and v is the velocity field of the charges. In general, the

velocity should satisfy the compressible Navier-Stokes equation coupled with the Maxwell’s

equations. Also heat can be applied to promote the fusion. In this case the diffusion κ is

affected by the temperature. This control problem can be reduced to an exact controllability

problem: for a desired density profile ρd, which is equal to a constant ρ0 near the origin and

zero away from the origin, find a boundary electromagnetic control force such that ρ(T ) = ρd

for some time T > 0. This will be a difficult problem.

Acknowledgement

This work was supported by the Summer Research Funding of the Department of Math-

ematics of the University of Central Arkansas.

References

[1] A. Bensoussan, Some remarks on the exact controllability of Maxwell’s equations. In

Differential equations and control theory (Iasi, 1990), 17–29, Pitman Res. Notes Math.

Ser., 250, Longman Sci. Tech., Harlow, 1991.

[2] M.M. Eller and J.E. Masters, Exact boundary controllability of electromagnetic fields

in a general region. Appl. Math. Optim. 45 (2002), 99-123.

[3] Stanley Humphries, Jr., Principles of Charged Particle Acceleration, John Wiley and

Sons, New York, 1999.

[4] B. V. Kapitonov, Stabilization and exact boundary controllability for Maxwell’s equa-

tions. SIAM J. Control Optim. 32 (1994), no. 2, 408–420.

14



[5] B. V. Kapitonov, Stabilization and simultaneous boundary controllability for a pair of

Maxwell’s equations. Mat. Apl. Comput. 15 (1996), no. 3, 213–225.

[6] B. V. Kapitonov, Stabilization and simultaneous boundary controllability for a class of

evolution systems. Comput. Appl. Math. 17 (1998), no. 2, 149–160.

[7] B. V. Kapitonov, G. Perla Menzala, Uniform stabilization for Maxwell’s equations with

boundary conditions with memory. Asymptot. Anal. 26 (2001), no. 2, 91–104.

[8] B. V. Kapitonov, M. A. Raupp, Exact boundary controllability in problems of trans-

mission for the system of electromagneto-elasticity. Math. Methods Appl. Sci. 24 (2001),

no. 4, 193–207.

[9] B. V. Kapitonov, J. S. Souza, Observability and uniqueness theorem for a coupled

hyperbolic system. Int. J. Math. Math. Sci. 24 (2000), no. 6, 423–432.

[10] Katherine A. Kime, Boundary controllability of Maxwell’s equations in a spherical re-

gion. SIAM J. Control Optim. 28 (1990), no. 2, 294–319.

[11] Katherine A. Kime and David L. Russell, Boundary controllability of Maxwell’s equa-

tions in a spherical region. In Control problems for systems described by partial differ-

ential equations and applications (Gainesville, Fla., 1986), 259–262, Lecture Notes in

Control and Inform. Sci., 97, Springer, Berlin, 1987.

[12] Vilmos Komornik, Rapid boundary stabilization of Maxwell’s equations. In Equations

aux derivees partielles et applications, 611–622, Gauthier-Villars, Ed. Sci. Med. Elsevier,

Paris, 1998.

[13] Vilmos Komornik, Boundary stabilization, observation and control of Maxwell’s equa-

tions. Panamer. Math. J. 4 (1994), no. 4, 47–61.

[14] Vilmos Komornik, Stabilisation frontiere des quations de Maxwell. (French) [Boundary

stabilization of Maxwell’s equations] C. R. Acad. Sci. Paris Ser. I Math. 318 (1994),

no. 6, 535–540.

[15] S. S. Krigman, Exact boundary controllability of Maxwell’s equations with weak conduc-

tivity in the heterogeneous medium inside a general domain, Discrete and Continuous

Dynamical Systems, Supplement, 2007, 590-601.

15



[16] M. Krstic and A. Smyshlyaev, Boundary Control of PDEs: A Course on Backstepping

Designs. SIAM, 2008.

[17] John E. Lagnese, A singular perturbation problem in exact controllability of the Maxwell

system. ESAIM Control Optim. Calc. Var. 6 (2001), 275–289.

[18] John E. Lagnese, Exact boundary controllability of Maxwell’s equations in a general

region. SIAM J. Control Optim. 27 (1989), no. 2, 374–388.

[19] I. Lasiecka and R. Triggiani, Uniform stabilization of the wave equation with Dirchlet

or Neumann feedback control without geometrical conditions. Appl. Math. Optim. 25

(1992), 189-224.

[20] Stephanie Lohrengel and Serge Nicaise, Les quations de Maxwell dans des matriaux

composites: problmes de densit. (French) [Maxwell’s equations in composite materials:

remarks on density] C. R. Acad. Sci. Paris Sr. I Math. 330 (2000), no. 11, 991–996.

[21] Olivier Nalin, Contrlabilit exacte sur une partie du bord des quations de Maxwell.

(French. English summary) [Exact controllability on part of the boundary of Maxwell’s

equations] C. R. Acad. Sci. Paris Sr. I Math. 309 (1989), no. 13, 811–815.

[22] Serge Nicaise, Exact boundary controllability of Maxwell’s equations in heterogeneous

media. In Evolution equations and their applications in physical and life sciences (Bad

Herrenalb, 1998), 139–148, Lecture Notes in Pure and Appl. Math., 215, Dekker, New

York, 2001.

[23] Serge Nicaise, Exact boundary controllability of Maxwell’s equations in heterogeneous

media and an application to an inverse source problem. SIAM J. Control Optim. 38

(2000), no. 4, 1145–1170

[24] Serge Nicaise and Cristina Pignotti, Boundary stabilization of Maxwell’s equations with

space-time variable coefficients. ESAIM: Control, Optimisation and Calculus of Vari-

antions, 9, 2003, 563-578.

[25] Kim Dang Phung, Contrle et stabilisation d’ondes lectromagntiques. (French) [Control

and stabilization of electromagnetic waves] ESAIM Control Optim. Calc. Var. 5 (2000),

87–137.

16



[26] Kim Dang Phung, Contrlabilit exacte et stabilisation interne des quations de Maxwell.

(French) [Exact controllability and stabilization of Maxwell’s equations] C. R. Acad.

Sci. Paris Sr. I Math. 323 (1996), no. 2, 169–174.

[27] Kim Dang Phung, Stabilisation frontire du systme de Maxwell avec la condition aux

limites absorbante de Silver-Mller. (French) [Boundary stabilization of the Maxwell

system with the Silver-Muller absorbing boundary condition] C. R. Acad. Sci. Paris Sr.

I Math. 320 (1995), no. 2, 187–192.

[28] C. Pignotti, Observability and controllability of Maxwell’s equations. Rend. Mat. Appl.

(7) 19 (1999), no. 4, 523–546 (2000).

[29] D. L. Russell, The Dirichlet-Neumann boundary control problem associated with

Maxwell’s equations in a cylindrical region. SIAM J. Control Optim. 24 (1986), no.

2, 199–229.

[30] A. Smyshlyaev and M. Krstic, “Backstepping observers for a class of parabolic PDEs,

Systems and Control Letters, 54 (2005), 613-625.

[31] X. Zhang, Exact internal controllability of Maxwell’s equations. Appl. Math. Optim. 41

(2000), no. 2, 155–170.

[32] Qi Zhou, Exact internal controllability of Maxwell’s equations. Japan J. Indust. Appl.

Math. 14 (1997), no. 2, 245–256.

17


